Five-minute returns from FTSE-100 index futures contracts are used to obtain accurate estimates of daily index volatility from January 1986 to December 1998. These realized volatility measures are used to obtain inferences about the distributional and autocorrelation properties of FTSE-100 volatility. The distribution of volatility measured daily is similar to lognormal whilst the volatility time series has persistent positive autocorrelation that displays long-memory effects. The distribution of daily returns standardized using the measures of realized volatility is shown to be close to normal unlike the unconditional distribution.
Introduction
The distribution of asset returns has often been modeled by mixtures of normal distributions that have different volatility parameters. The distributional and autocorrelation properties of volatility are then important to traders when pricing options because different specifications will give different theoretical prices. This paper uses high-frequency returns from FTSE-100 futures contracts to deduce the distribution and the autocorrelations of FTSE-100 volatility.
The influential empirical study of cotton futures prices and trading volumes by Clark (1973) is the foundation for two conjectures: first that an appropriate distribution for daily volatility is lognormal and second that daily returns are conditionally normal given the level of daily volatility. The unconditional distribution of returns is then a leptokurtic mixture distribution that has fat tails relative to the normal distribution. Tauchen and Pitts (1983) provided further theoretical analysis and results for T-Bill future prices. Taylor (1986) extended Clark's model by proposing that the logarithm of volatility follows a first-order autoregressive process, based upon analysis of the autocorrelations of squared daily returns from futures contracts and other assets. However, empirical investigation of Clark's conjectures using daily returns has limited potential to provide decisive conclusions because daily volatility is then an unobservable latent variable. At any time most trading activity is concentrated in a single contract, usually nearest to delivery. Returns are calculated from the nearest contract, except on the days before expiry and that include expiry when the next contract is used. Hence returns are nearly always calculated from the prices of the contract that has the highest trading volume.
The record of transactions has been edited in a number of ways. Days that only have transactions for part of the normal trading day are excluded entirely; 28 days are excluded, most being on December 24 and December 31. All floor transactions that are timed outside floor trading hours and all transactions that are recorded as having zero volume are excluded; 5,494 transactions are deleted. On 17 days in 1990 the transaction times are recorded without minutes and seconds. For these days, transaction times from previous days were used to produce approximations to the missing information.
More problematic are a small number of misrecorded transaction prices.
On some occasions it is clear from a sequence of three prices that the middle price is almost certainly wrong, for example the sequence 2600, 3600, 2600 is indicative of a mistake in the first digit. We have identified 56 suspicious prices using simple outlier filters and inspection of time series plots of returns and prices. All these transactions have been deleted, the majority being before 1989. Although we are confident that the deletions are mistakes there may be mistakes that have escaped detection.
Intraday returns
All results have been obtained from five-minute returns, as this frequency is generally acknowledged to be the highest that avoids distortions from microstructure effects such as the bid-ask spread. Two methods have been used in previous work to define returns and both are evaluated here. The first uses the latest price before each five-minute mark whilst the second interpolates between the latest price before and the consecutive price after the five-minute mark. The first method is used here unless stated otherwise.
The number of five-minute returns computed for a day depends on the trading hours for futures contracts and these have changed occasionally. Let r t,j , 0 ≤ j ≤ n, represent a set of n + 1 intraday returns for day t, such that j = 0 represents the closed-market period from the close on day t − 1 until the open on day t, j = 1 represents the five minutes commencing at the open, . . . , concluding with j = n representing the final five minutes that end when the floor market closes. Let the daily return r t and the latent level of volatility σ t for a day t be defined by
r t,j and var(r t |σ t ) = σ 2 t .
Multiplicative volatility terms are defined by supposing that
Thus λ j is the proportion of a trading's day total return variance that is attributed to period j, here assuming that intraday returns are uncorrelated and, to simplify notation, that the multipliers are the same for all days t.
The proportion of the open-market variance is defined by
Estimates
Simple estimates of the variance proportions, following Taylor and Xu (1997) , are given by,λ
where the summations over days t are for some appropriate set of days S.
The set S might be all days, or all Mondays, etc. 
Realized volatility

Computational methods
The realized variance for trading day t, from the close on day t − 1 to the close on day t, is estimated by weighting the intraday squared returns, as
To ensure conditionally unbiased estimates when intraday returns are
t , it is necessary to apply the constraint n j=0 λ j w j = 1. Taylor and Xu (1997) , Andersen, Bollerslev, Diebold, and Labys (2000a) and related papers simply use w j = 1 for all intraday periods j. The estimateσ 2 t is then a consistent and unbiased estimate of "integrated" volatility 6 but it will not have the least variance when n is finite.
Consequently, we also consider other weights. It is shown in the Appendix that if n j=0 λ j w j = 1 then the variance of the estimateσ 2 t is minimized when
In particular, the optimal weight w 0 for the closed market return is much less than for the other returns because λ 0 is substantial. When w 0 is con-5 Returns are not mean adjusted because the difference between E[r 2 t,j ] and var(r t,j ) is negligible.
6 When σ follows a diffusion process, the realized volatility n j=0 r 2 t,j converges to the integrated volatility, t t−1 σ 2 (s)ds, as n → ∞ when innocuous regularity conditions are assumed (Andersen, Bollerslev, Diebold, and Labys, 2000a) . strained to be zero, the optimal weights become
Realized variances have been obtained using several sets of weights, in particular results are reported when either
with separate multipliers estimated for each day of the week. These sets of weights are referred to respectively as equal weights and optimal weights. There are several outliers, the most extreme being on 28 October 1997 when annualized volatility equals 152% using equal weights and 81% using optimal weights; it is noteworthy that US volatility was exceptionally high on both 27 and 28 October 1997 (Ebens, 1999 Figure 4 : Annualized FTSE-100 volatility calculated each day from optimally weighted squared five minute returns.
Summary statistics
The distribution of daily volatility
The distribution of ln(σ t ) from March 1990 to July 1998 is almost symmetric and approximately Gaussian when the optimal weights are used, the skewness and kurtosis then being 0.44 and 3.71 respectively; these moments are however significantly different from the Gaussian values of 0 and 3, the standard errors of the estimates being 0.054 and 0.108 respectively. The kurtosis is much higher at 5.96 when equal weights are used, although this falls to 4.22 if the overnight period is excluded to give estimates of open-market volatility. Figure 5 shows the empirical distribution of ln(σ t ) when the optimal weights are used. The continuous curves overlaying the histogram are firstly a normal density that matches the mean and standard deviation (dotted curve) and secondly the density estimate based upon Gaussian kernels and bandwidth equal to 0.1 (solid curve); the kernel estimate is more smooth than that provided by the standard bandwidth of 0.06 for this data (Silverman, 1986 , page 48).
There are several possible explanations for the excess kurtosis in the distribution of ln(σ t ). First, there is the extreme outlier, second ln(σ t ) is an accurate but nevertheless imperfect estimate of ln(σ t ) and third it is, of course, possible that the distribution of ln(σ t ) has excess probability in the right tail relative to the normal distribution, possibly reflecting occasional financial crises. Figure 6 shows the autocorrelations of the time series of daily realized volatility ln(σ t ) from March 1990 to July 1998, calculated using the optimal weights.
Temporal dependence
Positive dependence is observed for 180 lags, or about nine months. There is a clear although minor seasonal effect based upon the five days of the week that shows itself on the figure as the local peaks at lags 5, 10, 15, 20 and 25.
The maximum autocorrelation on Figure 6 is at the first lag and equals 0.65. This value is equal to the first-lag autocorrelation of approximately 0.65 reported by both Ebens (1999) for the DJIA and by Andersen, Bollerslev, Diebold, and Labys (2000a) for FX. by Baillie (1996) . Two standard methods provide conclusive evidence that a long memory component exists in the volatility series. These methods have been applied to the series ln(σ t ) obtained from the optimal weights, adjusted by removing the appropriate day-of-the-week mean m j(t) , j(t) {1, . . . , 5}, from each observation.
First, consider the variance S T of the sum of T consecutive observations. These variances follow a scaling law for long memory processes such that 
(
are near zero, as shown on Figure 9 . Table 3 contains some descriptive statistics for the filtered series.
5 The distribution of standardized daily returns Table 4 summarizes the distribution and autocorrelations of standardized daily returns r * t = (rt−r) σt from March 1990 to July 1998, withσ t calculated using either equal weights or the optimal weights. The autocorrelations of the r * t are very small and are not significantly different from zero. Table 4 also provides the same summary statistics for the daily returns r t . It is noted that the average daily return is 0.000483 or about 12% per annum. As the average five-minute return is negative (approximately −3% per annum, see Table 1 ) all of the gains from long futures positions during the sample period occurred when the market was closed.
The kurtosis of the daily returns is 4.81 so that they are not normally distributed. The kurtosis of the standardized daily returns is however 2.77 for the optimal weights, so that standardizing the returns brings the distribution much nearer to the normal. Although near to normal, both the skewness and kurtosis are significantly different from the normal values of 0 and 3 at the 2% significance level. The kurtosis figure of 2.77 is similar to the 2.75 of Ebens (1999) for the DJIA index, less than the median of 3.13 for the DJIA stocks (Andersen, Bollerslev, Diebold, and Ebens, 2000) and more than the 2.41 for FX given by Andersen, Bollerslev, Diebold, and Labys (2000b) . Figure 10 shows the empirical distribution of r * t when the optimal weights are used. The continuous curves overlaying the histogram are once more the matched normal density (dotted curve) and the kernel density estimate with bandwidth equal to 0.25 (solid curve). It can be seen that some of the nonnormality is simply a consequence of zero returns that reflect the minimum tick equal to 0.5 index points; 37 of the 2075 daily returns are zero.
Conclusions
This study of five-minute returns from FTSE-100 futures provides several conclusions about FTSE-100 volatility measured at the daily frequency. Neither the distribution of the logarithm of volatility nor that of returns standardized by realized volatility is exactly normal. A lognormal distribution for -4.000 -3.000 -2.000 -1.000 0.000 1.000 2.000 3.000 4.000
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Daily Standardized Returns Figure 10 : The distribution of the daily standardized returns of the FTSE-100 index futures from March 1990 to July 1998. volatility is not predicted by any theory. It is nevertheless interesting that the distribution is near to lognormal with the main discrepancy being an excess probability of extremely high levels of volatility. A normal distribution for standardized returns might be expected from the central limit theorem.
The divergence of the empirical distribution from the normal is minor and may simply reflect the fact that futures prices are a discrete process. These distributional conclusions are the first reported for the volatility of futures prices using high frequency-data and are also the first that take account of substantial price changes when the market is closed.
The time series behavior of FTSE-100 realized volatility is best described by a long memory process. The logarithms of daily volatility display substantial autocorrelations that do not decrease rapidly towards zero as the time lag increases, as occurs for short memory processes such as ARMA models.
Instead, fractional differencing of daily volatility provides a filtered series that is almost uncorrelated so that a simple long memory process provides a parsimonious model for volatility.
The conclusions about the distribution and the autocorrelation structure of volatility have implications for researchers, traders and regulators. The shape of the unconditional distribution of volatility restricts the diffusion models for volatility that are credible when options are priced with volatility assumed to be stochastic. The temporal behavior of volatility has immediate implications for the term structure of implied volatility that need to be researched. Volatility forecasts can be derived by filtering realized volatility using the fractional differencing filter and their information content can be compared with that of implied volatilities that are known to forecast well in comparisons with short memory ARCH forecasts. The relatively high frequency of very high levels of volatility, and the consequent possibilities of extreme returns, are quantified by the methods in this paper and thus should be useful to risk managers.
and hence all these partial derivatives can only be zero when λ j w j is the same for all intervals j, i.e. when w j = 1 (n + 1)λ j . Returns are calculated either from the latest prices before five-minute marks or after interpolating between prices before and after the marks. The complete timeseries is from January 1986 until December 1988. The shorter time-series is from March 1990 to July 1998. Squared five minute returns and the squared closed-market return are weighted and aggregated to define realized daily variances. The weights are either all equal or are optimal choices that minimize the variances of the volatility estimates. Summary statistics are tabulated for both annualized realized volatility (assuming 251 trading days in a year) and the logarithms of daily realized volatility. Asterisks indicate test statistics significant at the 1% level. The volatility series was filtered using the fractional integration filter (1 − L) 0.43 . Asterisks indicate test statistics significant at the 1% level. The numbers in parentheses are the levels of significance of the autocorrelation statistics. 
